We study a collection of Riemannian metrics which collapse under the Ricci flow, and show that the quasi-convergence equivalence class of an arbitrary metric in this collection contains a 1-parameter family of locally homogeneous metrics.
Introduction and statement of main theorem.
In [1] , Hamilton and Isenberg studied the Ricci flow of a family of solvgeometry metrics on twisted torus bundles. This family contains no Einstein metrics, so the (normalized) Ricci flow cannot converge. Hamilton-Isenberg introduced the concept of quasi-convergence to describe its behavior, writing
"...the Ricci flow of all metrics in this family asymptotically approaches the flow of a sub-family of locally homogeneous metrics..."
The intent of this paper is to make that statement more precise. In so doing, we answer a question of Hamilton, who asked whether an arbitrary metric in this class would converge to a unique locally homogeneous limit or would exhibit a more nuanced behavior. Definition 1.1. If g,h are evolving Riemannian metrics on a manifold M n , we say g quasi-converges to h if for any e > 0 there is a time t £ such that sup \g -h\ h < e.
M n x[t £ ,oo)
Quasi-convergence is an equivalence relation. Indeed, the standard fact that \U (V, V)\ < \U\ h \V^h for any symmetric 2-tensor U and vector field V implies that g quasi-converges to h if and only if for all t>t £ , ( 
l-s) h(V,V) <g(V t V) < (1 + e) h(V,V).
We now state our result, using notation defined in [1] and to be reviewed in §2 below. [g] . Moreover, if h corresponds to the data (a (9), $1, F), the locally homogeneous metrics in [g] are exactly those with the data (e + a(0),n,F), ie R. Remark 1.3. Similar quasi-convergence of the Ricci flow to a 1-parameter family was conjectured for a class of T 3 metrics studied in [2] .
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Theorem 1.2. If g is any solv-Gowdy metric on a twisted torus bundle M^; there is a locally homogeneous metric h in its quasi-convergence equivalence class
The paper is organized as follows. §2 describes the bundles T 2 -» A4\ -> S 1 and the solv-Gowdy metrics under study. It turns out that at large times, an arbitrary solv-Gowdy metric g behaves much like locally homogeneous metrics. §3 quantifies this observation and explicitly constructs a family h £ of locally homogeneous metrics existing for all t > 0 which approximate g for times t > t £ . In §4, we show that this family enjoys a certain compactness property which allows us to prove the existence part of the main theorem. The heuristic here is that g resembles a single locally homogeneous metric closely enough that the metrics h e are not too far apart at t = 0. §5 completes the main theorem by explaining the very special sort of nonuniqueness which can occur: distinct locally homogeneous metrics define distinct equivalence classes unless they differ only by a dilation of the base circle.
Acknowledgement.
I wish to thank Richard Hamilton for his helpful and encouraging comments.
Review of solv-Gowdy geometries.
We begin by briefly recalling some notation and results of [1] . Readers familiar with that paper may skip this section.
To construct an arbitrary solv-Gowdy metric g, take A G SL (2, Z) with eigenvalues A+ > 1 > A_. In coordinates 0,x,y on R 3 , chosen so that the x, y axes coincide with the eigenvectors of A, define 
the pullback condition $*y = y is equivalent to the system 
Vt + W
where C 4= Z (0) is positive by (2.13). The sub-family of locally homogeneous solv-Gowdy metrics can thus be indexed by (a (9), £7, F), where
We now summarize the estimates we shall use from [1] . Let g be a solution to the Ricci flow whose initial data g(-,0) is a C 2 solv-Gowdy metric. Hamilton-Isenberg organize the proof of their main theorem into four steps. In Step i, they show there is C > 0 depending on ^(-,0) such that for allt > 0, 3. Construction of approximating metrics.
As a first step in proving the existence part (Theorem 4.1) of our main theorem, we find times t £ and construct locally homogeneous metrics h £ with the following properties: h £ is in a sense the average of g at t e ; h £ remains s-close to g for all times t>t £ \ and most importantly, h £ exists for all t > 0. 
M\x[t £ ,oo)
Before proving this, we collect some technical observations. 
Hence for such times
Zmax (t) -Zmin (t) < / az ds ds < CCy/t=T (1 + m 2 (t -T))
2'
Choose t e > t* large enough that (3.1) holds for t > t e , and that (3. for t>t £ , which is clearly equivalent to the desired result. □
Existence.
We have seen that for any s > 0, there is a natural choice h £ of locally homogeneous metric approximating g for times t > t £ . In view of our nonuniqueness result (Theorem 5.1), it is remarkable that these choices are close enough to one another that we can prove the existence of a locally homogeneous metric in [g]. Again, we first obtain some preliminary results. 
Since there is B > 0 depending only on the initial data such that -B < dA/de < B at t = T, the claim follows. Let 0 € (S 1 be arbitrary. For j < k, consider K^oo -Aj) (0,t)\<5 + log VT+S.
<i-c;<i<
Next observe that when 0 < S < log 2 we have e s < 1 + 25 and thus obtain our second estimate:
As in the proof of Theorem 3.1, it follows that we can make J/ioo -hj\ h as small as desired by choosing 5 = 5 (e) appropriately. □ Proof of Theorem 4.1. Note that \g -/^ooU will be small if both \g -hj\ h . and \hj -h 00 \ h are. So take the subsequence of metrics hj k and times tj k given by Lemma 4.2 and pass to a further subsequence according to Lemma 4.7. □
Uniqueness.
Distinct locally homogeneous solv-Gowdy metrics belong to the same equivalence class if and only if they differ merely by a dilation of arc length. In that case, we shall see that they approach one another at the rate C/t, where the constant depends on the initial difference in length of the base circle. Proof. We consider three cases. 
